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Abstract: In this paper, we consider six homogeneous manifolds GL(n,R)/O(n,R),
SL(n,R)/SO(n,R), Sp(2n,R)/U(n), (GL(n,R) x R(™"))/0(n,R), (SL(n,R) x R(m")
/SO0(n,R), (Sp(2n,R) x H]g’m) )/ (U(n) x S(m,R)). They are homogeneous manifolds
which are important geometrically and number theoretically. These first three spaces
are well-known symmetric spaces and the other three are not symmetric spaces. It is well
known that the algebra of invariant differential operators on a symmetric space is commu-
tative. The algebras of invariant differential operators on these three non-symmetric spaces
are not commutative and have complicated generators. We discuss invariant differential
operators on these non-symmetric spaces and provide natural but difficult problems about
invariant theory.
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1. Introduction

We consider the following six homogeneous manifolds which are important geometri-
cally and number theoretically. We list them below.

() GL(n,R)/O(n,R);

(1) SL(n,R)/SO(n,R);

() Sp(2n,R)/U(n);

(IV) (GL(n,R) x R™M)/0O(n,R);

(V) (SL(n,R) x R(™")/SO(n,R);

(VI) (Sp(2n,R) x HI™)/(U(n) x S(m,R)).

Here, Hﬂ(%n’m) is the Heisenberg group defined by Formula (8) and S(m,R) denotes
the additive group consisting of all m x m real symmetric matrices. The above three (I),
(IT), and (III) are symmetric spaces of real dimension "(n; b, @ —1land n(n+1),
respectively. In particular, the symmetric space (III) is an Einstein—K&hler Hermitian

symmetric manifold. The theory of automorphic forms on these spaces was developed
by Selberg, Maass, Siegel, and outstanding number theorists. The adelic version of the
theory of automorphic forms on these spaces was developed by the Langlands school. It is
well known that the algebras ID(I), D(II) and ID(III) of all invariant differential operators on
these three symmetric spaces, respectively, are finitely generated and commutative. Those
algebras are polynomial algebras. A set of algebraic independent generators of ID(I) was
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first found by Maass and Selberg explicitly (cf. [1-3]).Later, Helgason [4] provided another
set of algebraically independent generators of I)(I). A set of explicit algebraic independent
generators of ID(II) was recently constructed by Brennecken, Ciardo, and Hilgert[5] using
the so-called Maass—Selberg operators. An explicit set of algebraic independent generators
of D(III) was found by Maass (cf. [2]).

The remaining three (IV), (V), and (VI) are not symmetric homogeneous manifolds
1) 4o, 20 4 — 1 and n(n + 1) + 2 mn, respectively. The
homogeneous space (VI) is a Kidhler manifold and so is a symplectic manifold. The

of real dimension

theory of automorphic forms including Jacobi forms on the homogeneous space (VI)
was developed in the past three decades but is still not well established. So far, no-
body has developed the theory of automorphic forms on the homogeneous spaces
(IV) and (V). The algebras D(IV),D(V), and D(VI) of all invariant differential oper-
ators on these three non-symmetric homogeneous spaces, respectively, are not com-
mutative. Recently, it was shown that D(IV),D(V), and D(VI) are finitely generated.
So, any set of a finite system of generators of each of the algebras D(IV), D(V), and
D(VI) has algebraic relations (the Second Funddamental Theorem of Invariant The-
ory). Unfortunately, nobody found explicit generators of algebras D(IV), D(V), and D(VI)
as of now.

The aim of this article is to study invariant differential operators on the homogeneous
manifolds (IV), (V), and (VI) and provide some problems of the classical invariant theory.
The paper is organized as follows. In Section 2, we briefly review some properties on
differential operators on homogeneous manifolds following Chapter II of Helgason’s
book [4]. In Section 3, we review GL(n, R)-invariant differential operators on the symmetric
space (I) following the works of Selberg and Maass. We note that the symmetric space (I)
is diffeomorphic to the open convex cone &, in the Euclidean space RN with N = @
given by

Pp={YeRM |Y="ty>0} 1)

We providethe notion of automorphic forms on &, defined by Selberg, Maass, and
Terras using the algebra ID(I) of invariant differential operators on &, (cf.[6], p.234). In
Section 4, we review SL(n, R)-invariant differential operators on the symmetric space (II).
We note that the symmetric space (II) is diffeomorphic to the following symmetric space:

Py :={Y e R |y ="ty >0, det(Y)=1}. )

We provide the notion of Maass forms on B, defined by Goldfeld [7] (Definition 5.1.3,
pp-115-116). In Section 5, we review Sp(2n,R)-invariant differential operators on the
symmetric space (III). Maass found the explicit algebraically independent generators of
IDAII) (cf. [2], pp. 112-118) and Shimura [8] also found algebraically independent generators
of ID(III) using the universal enveloping algebra of the Lie algebra of the symplectic group
Sp(2n,R). We note that the symmetric space (III) is biholomorphic to the so-called Siegel
upper half plane H, given by

Hy,:={QeC")|Q="0 ImQ>0} (3)

It is known that Hj, is an Einstein-K&hler Hermitian manifold of complex dimension

@ which is biholomorphic to the generalized unit disk D, given by

D, :={WeCH) |W="W,I,-WW>0} )

The symmetric complex manifold H,, provides the rich, deep, and beautiful theory
in algebraic geometry (e.g., Satake compactification, toroidal compactifications, moduli of
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abelian varieties, etc.) and number theory (e.g., Siegel modular forms, L-functions, etc.).
We provide the notion of Maass-Siegel functions using the algebra ID(H,, ). We also provide
the notion of Siegel-Maass forms defined by Kramer and Mandal (cf. [9]). In Section 6, we
study GL, ,, (R)-invariant differential operators on the non-symmetric homogeneous space
(IV). We show that the semidirect product GLy,,(R) of GL(n,R) and the additive group
R("™") given by

GLym(R) := GL(n,R) x R™")

acts naturally and transitively on the following space:
Py = Py x ROV = Ly e R |y =ty >0} x RUM, (5)

We refer to Formula (61) for the precise action of GL, ,(R) on &, ,,. We see that the
homogeneous space (IV) is diffeomorphic to the homogeneous space & . It is shown
that the algebra D(IV) of GL,, ;,(R)-invariant differential operators on the homogeneous
space (IV) is not commutative. So far, nobody has found a set of generators of D(IV). We
provide some examples of explicit invariant differential operators on &, ;, and investigate
invariant differential operators on (IV). We provide some open problems that should be
solved in the future. In Section 7, we study SLy, » (R)-invariant differential operators on the
non-symmetric homogeneous space (V). The semidirect product SL;, ,, (R) of SL(n,R) and
the additive group R("™") given by

SLym(R) := SL(n,R) x R("™")
acts naturally and transitively on the following space:
Bom :=Bp x ROV = Y e RO |y =ty >0, det(Y) =1} x R0, (6)

See Formula (81) for the precise action of SL;;;(R) on 9, . We see that the homo-
geneous space (V) is diffeomorphic to the homogeneous space B, ;. It is shown that the
algebra D(V) of SL;,x(R)-invariant differential operators on the homogeneous space (V)
is not commutative. So far, nobody has found a set of generators of (V). We provide
some examples of explicit invariant differential operators on 93, ,, and investigate invariant
differential operators on (V). We provide some open problems that should be solved in
the future. In the final section, we study G/-invariant differential operators on the non-
symmetric homogeneous space (VI). The homogeneous space (VI) is biholomorphic to the
so-called Siegel-Jacobi space Hj, ;; given by

Hyp :=H, x C™" = {QeC* | Q="'0,ImQ>0}xCmm, 7)
The Jacobi group
G/ :=Sp(2n,R) x H]g"m) (semidirect product)

acts naturally and transitively on the Siegel-Jacobi space Hj, ;. See Formula (96) for the
action of G/ on H,,,m. Here,

H]%{"’m) ={A ) | A p e R e RUWM 4 A symmetric } 8)
denotes the Heisenberg group endowed with the following multiplication:

Apx)o (A p)ik’)y = A+ A w4+ + ATy — ')



Geometry 2025, 2,9

40f 43

with (A, u;x), (X, ;) € H]g"m). It is shown that the algebra D(VI) of G/-invariant dif-
ferential operators on the homogeneous space (VI) is not commutative. So far, nobody
has found a set of generators of D(VI). We provide some examples of explicit invariant
differential operators on H, ,;, and investigate invariant differential operators on (VI). We
provide some open problems that should be solved in the future. Using the commutative
subalgebra of D(VI) containing the Laplace operator of H, ;;, we introduce the notion of
Maass—Jacobi functions.

Notations. We denote by Q, R, and C the field of rational numbers, the field of real
numbers, and the field of complex numbers, respectively. We denote by Z and Z* the
ring of integers and the set of all positive integers, respectively. R* (resp. C*) denotes
the group of nonzero real (resp. complex) numbers. The symbol “:="” means that the
expression on the right is the definition of that on the left. For two positive integers
k and I, F*%!) denotes the set of all k x I matrices with entries in a commutative ring
(kk) of degree k, Tr(A) denotes the trace of A. For any
M € FkD M denotes the transpose of M. For a positive integer 1, I, denotes the identity
matrix of degree n. For A € F (kD) and B € Fk5), we set B[A] = {ABA (Siegel’s notation).
For a complex matrix A, A denotes the complex conjugate of A. diag(al, -+, ay) denotes the

F. For a square matrix A € F

n x n diagonal matrix with diagonal entries ay, - - - , a,,. For a square matrix (2, Im () denotes
the imaginary part of (). For a smooth manifold X, we denote by C®(X) (resp. C°(X))
the algebra of all infinitely differentiable functions (resp. with compact support) on X.
O(n) := O(n,R) = {g € GL(n,R)| ¢'¢ = 'gg = I, } is the real orthogonal matrix of
degree n. SO(n) := SO(n,R) = O(n) N SL(n,R).
We denote
GLym(R)=GL(1n,R) x R GL, »(Z) = GL(n,Z) x Z"™"),
SLym(R)=SL(n,R) x R, SL, .(Z) = SL(n, Z) x Z.0™"),
Py={Y eRM) |y =ty >0}~ GL(nR)/0(n,R),
Pp={Y e RO | Y ="y >0, det(Y) =1} 2SL(n,R)/SO(n,R),
$n (see Definition 4),
Pym=Py x R = GL, . (R)/O(n,R),
Brom =P x ROV =~ 5L, (R)/SO(n,R),
nm=5n x RO 2 SLy i (R) /SO (n, R),
T,=GL(n,Z), T"=SL(nZ),
Rn=GL(n,Z)\ P, = GL(n,Z)\GL(n,R)/O(n,R),
&, =SL(n, Z)\By = SL(n,Z)\SL(n,R)/SO(n,R),
Rum=GLum(Z)\ Pnm = GLym(Z)\GLpm(R)/O(n,R),
Snm=SLpm(Z)\Bum = SLym(Z)\SLy,m(R)/SO(n,R).

Here, “ =2 ” denotes the diffeomorphism.
[0 I
(1)
denotes the symplectic matrix of degree 2n.

H,={QeC"|Q="'0 ImQ>0}
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denotes the Siegel upper half plane of degree n.
Sp(2n,R) = {M € R®"2") | 'M],M = ], }
denotes the symplectic group of degree n and
I), = Sp(2n,Z) = {y € Z®* | 'y],y = ], } C Sp(2n,R)
denotes the Siegel modular group of degree n. We let
G/ = Sp(2n,R) x H{"™

) is the Heisenberg group (see Formula (8) for the precise
definition). We put T/ := T, x H{"".

be the Jacobi group. Here, H]gl’m

X, = \H, = Sp(2n,Z)\Sp(2n,R) /U(n)
and
X = TN\Hy = (Sp(2n,Z) x HI"™ \G! /(U (n) x S(m,R)).

D(Z,) denotes the algebra of all GL(n, R)-invariant differential operators on #2,. D(B,,)
denotes the algebra of all S L(n,R)-invariant differential operators on By,. ID)(.V)n) denotes
the algebra of all SL(n, R)-invariant differential operators on ;. D(H,, ) denotes the algebra

(
(

all SL;,(R)-invariant differential operators on B, . D($Hn,m) denotes the algebra of

of all Sp(2n, R)-invariant differential operators on H,,. D(Z,,,) denotes the algebra of

all GL; u(R)-invariant differential operators on %, ;. D(P,,m) denotes the algebra of
all SL,, » (R)-invariant differential operators on £, ;. D(H, ) denotes the algebra of all
G/-invariant differential operators on H,, ;. 25, denotes the center of D(Zy ;). 3um
denotes the center of D(%;, ). 3u,m denotes the center of D(§),,,,). €,,m denotes the center
of D(Hy ).

2. Preliminaries

Throughout this section, we let G be a connected real Lie group of finite dimension
n and let K be a subgroup of G. We let g (resp. £) be the Lie algebra of G (resp. K). The
symmetric algebra S(g) is defined to be the algebra of complex-valued polynomial functions
on the dual space g*. If Xy, - - - , X,, is a basis of g, S(g) can be identified with the algebra of
all polynomials

Y g, XX, (k) = (k1 k) € (Z)"
®)

Here, Z denotes the set of all non-negative integers. For an element ¢ € G, Lg
(resp. Ry) is the left (resp. right) translation by ¢ defined by

Lg(h) = gh (resp. Rg(h) = hg) forallh € G.

If X € g, we let X denote a differential operator on G defined by

(X)) = 3| _flg-ep(tx),  fec™(G)gcc
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E(G) denotes the algebra of all differential operators on G. A differential operator D € E(G)
is said to be left-invariant if

D(foLg) =D(f)oLy  forall f € C*(G)and g € G.

We let D(G) be the algebra of all left-invariant differential operators on G and let Z(G)
be the center of D(G). It is easily seen that

—_—

ad(X)Y =XY -YX  forallX,Y €g.
Now, for any X € g, we define the map ad(X) : D(G) — D(G) by
ad(X)D := XD — DX  forall D € D(G). )

Obviously ad(X) is a derivation of the algebra D(G). We define
#M(D) = Y & (@d(X)K(D), D eD(G) (10)
k=0 """

Definition 1. The coset space G/ K is said to be reductive if there exists a subspace p such that
g=EtdDp and Adg(k)p Cp forallk € K. (11)
Here Adg : G — GL(g) denotes the adjoint representation of G on g.

Theorem 1. We assume the coset space G/K is reductive. Then there exists a unique linear
bijection (called the symmetrization)

A:S(g) — D(G) (12)

such that A(X™) = X" (X € g, m € ZV). If Xy, - - , Xn is any basis of gand P € S(g); then,
forany f € C*°(G),

(AP)f)(g) = [P(91, -+ ,0n)f(g - exp(t1 Xy + - + taXn)];—q, (13)

where 9; = 9/dt; (1 <i < mn)andt = (t1,---,t,) € R". Here, the suffix [ - |;—o means the
evaluation at t = 0 after differentiation.

Proof. The proof can be found in [4] (Theorem 4.3, pp.280-281). O
Definition 2. We fix an element g € G. The mapping
Ad(g) : D(G) — D(G)

is defined by
Ad (g_l)D =DRs  forall D € D(G). (14)

Here, DRs : C*(G) — C®(G) is a differential operator on G defined by
DRsf = D(fo Rg,l) oR. 1 forall f € C*(G).

We let
§g:={XeE(G)|Xeg}
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Since g generates D(G), we have
Ad(exp X)D = ¢*4X)(D) forall X € gand D € D(G). (15)
We let I(g) be the space of all Adg(G)-invariants in S(g), i.e.,
I(g) ={P € S(g) | Adg(g)P =P forallge G}.
Theorem 2. We assume the coset space G /K is reductive. Then
A(I(g)) = Z(G). (16)
Moreover, Z(G) consists of all bi-invariant differential operators on G.

Proof. The proof can be found in [4] (Corollary 4.5, pp.283-284). O

If G/K is a reductive homogeneous manifold in the sense of Definition 1, we let
T : G — G/K be the projection map and we put f = f o 7 for a function f on G.

Theorem 3. We assume the coset space G/ K is reductive. We put
Dg(G) ;= {D € D(G) | D% =D forallk € K }.

Then, the mapping
i :Dg(G) — D(G/K)

defined by

—_—

u(D)f =Df,  feC®(G/K)

is a surjective homomorphism. The kernel is given by
kery = Dg(G) ND(G)¢t
and hence we have the isomorphism
D(G/K) = Dk (G)/(Dk(G) ND(G)¢¥).
Proof. The proof can be found in [4] (Theorem 4.6, pp.285-286). [

Corollary 1. We assume the coset space G/K is reductive. We let I(p) denote the set of all
Adg (K)-invariants in S(p). Then

D (G) = (Dx(G) ND(G)E) & A(I(p)-
Proof. See [4], p.286. O
Theorem 4. We let G/ K be a reductive homogeneous space. The mapping
©:I(p) — D(G/K)

defined by
O(P) := Dy (p) forall P € I(p)
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is a linear bijection. Explicitly, for any function f € C*(G/K),

(DA f) (K) = [P@1,--,0u)f(g-exp(tiXa + -+ 6:X0)| a7)

t=0

where d; =d/dt; (1 <i<r), t=(t, - ,t) € Rland {Xq,---,X;} is a basis of p.
Proof. The proof can be found in [4], Theorem 4.6, pp.285-286. [
Remark 1. (1) @ is not multiplicative in general. In fact, we have

O(PP,) =0O(P)O(P,) +©(Q)  forall P, P, € I(p),

where Q € 1(p) has degree < degree(P;) + degree(P).

(2) IfPy,---,P;are generators of I(pc), then ®(Py),- - - ,©(Py) are generators of D(G/K).
Here, pc denotes the complexification of p.

(3) IfI(p) has a finite system of generators Py, - - - , Py and we put D; = O(P;) (1 <i <d),
then each D € D(G/K) can be written

D=)Y an..n,Dy*--- D},
(n)

where (n) = (ny,- -+ ,ng) € Z4.

Theorem 5. (1) We let (G, K) be a symmetric pair (i.e., G/K is a symmetric space), G semisimple,
and K a maximal compact subgroup of G. Then D(G/K) is a commutative algebra. Here, D(G/K)
denotes the algebra of all invariant differential operators on G /K. (2) We let H be a connected Lie
group of finite dimension and let HY be the diagonal in H x H. Under the bijection

(h1, ha)HY + hihy?, hi,hy € H
of (H x H)/H® onto H, we have the identification
D((H x H)/H®) = Z(H).

Here, D((H x H)/H®) (resp.D(H)) denotes the algebra of invariant differential operators
on (H x H)/H? (resp. H) and Z(H) denotes the center of D(H).

Proof. The proof can be found in [4] (Theorem 5.7, pp. 294-295). [

We let M = G/K be a symmetric space of the noncompact type, i.e., G is a connected
semisimple Lie group with finite center and K a maximal compact subgroup of G. We let
g = £ @ p be the Cartan decomposition of the Lie algebra g of G. We let a C p be a maximal
abelian subspace of p and let a™ C a be a fixed Weyl chamber. We let G = KAN be an
Iwasawa decomposition of G. We denote by D(A) the algebra of invariant differential
operators on A - 0. Here, 0 = e - K is the origin of G/K (e is the identity element of G) and
A-o0:={a-o0|a € A} denotes the A-orbit of 0 in G/K. We let W be the Weyl group of G,
that is, the Weyl group of the root system of G.

We recall the linear bijection A : S(g) — D(G) in Theorem 1. We see that S(a) can be
identified with D(A). We let Dy (A) be the set of all W-invariant differential operators on
the orbit A - 0 and I(a) the set of all W-invariants in S(a). Then, there exists a bijection of
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D(G/K) onto Dy (A) (cf. see [4] (Theorem 5.13, pp. 300-302)). Furthermore, there exists a
surjective homomorphism of Dk (G) onto Dy (A) with kernel

Dy (G) ND(G)e.

We refer to [4] (Theorem 5.18, p.306) for more detail. Combining all these results,
we conclude that if G/K is a symmetric space of the noncompact type, then D(G/K) is
a polynomial algebra in r algebraically independent generators 4y, - - - , 6, whose degrees
dq,- -+ ,dy are canonically determined by G. We note that r = dim A is the rank of G or the
rank of G/K.

3. Invariant Differential Operators on GL(n,R)/O(n,R)
For any positive integer n > 1, we let
Py ={Y eRMWM | Y="1y>0}
n(n+1)
2

be the open convex cone in the Euclidean space RN with N = 225 Then, GL(n,R) acts
Py, transitively by

g Y=gY'e,  wherege€ GL(n,R)and Y € &,. (18)

Since O(n) is the isotopic subgroup of GL(n, R) at I,;, the symmetric space GL(1,R) /O(n)
is diffeomorphoc to ;.
For Y = (y;;) € P, we put

] 1+46; 9

For a fixed element A € GL(n,R), we put
Y,=A-Y=AY'A, Ye 2,

Then 3
_t4-19 41
Y A BYA . (19)

We can see easily that for any positive real number C > 0,

dYy, = AdY'A and

dsic = C-Tr((Y~'dY)?)

is a Riemannian metric on &, invariant under Action (18) and its Laplace operator is

1 3\’
A}’l,‘C = CTr<<YaY> ),

where Tr (M) denotes the trace of a square matrix M. We also can see that

given by

dun(Y) = (detY) "% T dy; (20)

i<j
is a GL(n, R)-invariant volume element on &,,.
Theorem 6. A geodesic a(t) joining I, and Y € 2y, has the form

a(t) = exp(tA[V]), te0,1],
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where
Y = (exp A)[V] = exp(A[V]) = exp('VAV)

is the spectral decomposition of Y, where V€ O(n,R), A = diag(ay, - -+ ,an) withall a; € R.
The distance of a(t) (0 < t < 1) between I, and Y is

Proof. The proof can be found in [6] (pp.16-17). O

We consider the following Maass—Selberg (differential) operators 61,0, - - - , 6, on &y,

defined by
k
5k_Tr<<YaaY> >/ k:1/2/”'rnl (21)

By Formula (19), we obtain
2\ o\,
(Y*zm> ~ A (%y) A

forany A € GL(n,R), so each §; (1 <i < n) is invariant under Action (18) of GL(n, R).
Maass [1,2] and Selberg [3] proved the following.

Theorem 7. The algebra D( %) of all GL(n, R)-invariant differential operators on P, is gen-
erated by 81,0y, - - -, On. Furthermore, 61,0, - - - , 6, are algebraically independent and D(%,,) is
isomorphic to the commutative ring C[x1,xa, - - - , x| with n indeterminates x1,xa, - - - , Xp.

Proof. The proof can be found in [2] (pp. 64-66) and [6] (pp.29-30). The last statement
follows immediately from the work of Harish—Chandra [10,11] or [4] (p. 294). O

Remark 2. A different description of D( %) was given by Helgason [4] (Chapter 1I, Exercise
C.1,p.337; Solution pp.571-572). See also [4] (Chapter II, Exercise C.8,pp.339-340) for a
related topic.

We let g = R("" be the Lie algebra of GL(n,R). The adjoint representation Ad of
GL(n,R) is given by

Ad(g) =gXg™!, ¢€GL(nR), Xeg.
The Killing form B of g is given by
B(X,Y)=2nTr(XY) -2Tr(X) Te(Y), X, Y €g.
Since B(al,,X) = Oforalla € Rand X € g, B is degenerate. So the Lie algebra g of
GL(n,R) is not semisimple.
We put K = O(n). The Lie algebra ¢ of K is given by
t={Xeg|X+'X=0}.

We let p be the subspace of g defined by

p:{X€9|X:tX€R(”'”)}.
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Then
g=tdyp

is the direct sum of ¢ and p with respect to the Killing form B. Since Ad(k)p C p for any
k € K, K acts on p via the adjoint representation by

k-X=Ad(k)X=kX'k, keK, Xcp. (22)

Action (22) induces the action of K on the polynomial algebra Pol(p) of p and the
symmetric algebra S(p). We denote by Pol(p)X (resp. S(p)X) the subalgebra of Pol(p) (resp.
S(p)) consisting of all K-invariants. The following inner product (, ) on p defined by

(X,Y)=B(X,Y), X, YeEp
gives an isomorphism as vector spaces
p=p", X fx, Xep, (23)
where p* denotes the dual space of p and fx is the linear functional on p defined by
fx(Y)=(,X), Yep

It is known that there is a canonical linear bijection of S(p)X onto D(%2,). Identifying p
with p* by the above isomorphism (23), we obtain a canonical linear bijection

@, : Pol(p)X — D(2,) (24)

of Pol(p)X onto D(Z?,). The map @, is described explicitly as follows. We put
N=n(n+1)/2.Welet {¢ |1 < a < N} be abasis of p. If P € Pol(p)X, then
, (25)

d N
Pl — X wCa | K
<ata>f<ge ’ (otzlt : > ) (ta)=0

where f € C*(2,). We refer to [4] (Theorem 4.6, pp. 285-286) or Formula (17) for more
detail. In general, it is very hard to express @, (P) explicitly for a polynomial P € Pol(p)X.
We let

(@(P)f) (2K) =

qi(X)=Te(X), i=12-,n (26)

be the polynomials on p. Here, we take a coordinate x11, x12, - -+ , X4 in p given by

1 1
X11 7X12 .-+ 3X1n
1 1
7X12 X22 - 53X
X pr—
1 1
len szn cee xnn

Forany k € K,
(k-g1)(X) = q;(k"'Xk) = Tr(k ' X'k) = ¢;(X), i=1,2,---,n

Thus, g; € Pol(p)K fori = 1,2,--- ,n. By a classical invariant theory (cf. [12,13]), we
can prove that the algebra Pol(p)X is generated by the polynomials g1, 45, - - - ,q» and that
91,92, - - ,qn are algebraically independent. Using Formula (26), we can show without

difficulty that
d
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However, ®,(g;) (i = 2,3, - - ,n) are still not known explicitly.
We propose the following conjecture.

Conjecture 8. Forany n,

A\ .
Cpn(%) :Tr<<2Y8Y> ), 1= 1,2,... M.

Remark 3. The above conjecture is true forn = 1,2.

The fundamental domain 9, for GL(n,Z) in £, which was found by H.
Minkowski [14] is defined as a subset of &, consisting of Y = (y;;) € & satisfying
the following conditions (M.1)—(M.2) (cf.[2], (p. 123)):

(M.1) aY'a > yy for every a = (a;) € Z" in which ay, - - - ,a, are relatively prime for
k=1,2,---,n.
M.2) yxpy1 >0 fork=1,---,n—1.

We say that a point of M, is Minkowski reduced or simply M-reduced. 9, is a con-
vex cone through the origin bounded by a finite number of hyperplanes and is closed
in &, (cf.[2], pp-123-124). Thus, we see that 9, is a semi-algebraic set with real
analytic structure.

We let

R, := GL(n,Z)\GL(n,R)/O(n,R) = GL(n,Z)\ %,

be the locally symmetric space. &7, parameterizes principally polarized real tori of dimen-
sion n (cf.[15]). The arithmetic quotient 9, is the moduli space of isomorphism classes
of principally polarized real tori of dimension n. Unfortunately i, does not admit the
structure of a real algebraic variety and does not admit a compactification which is defined
over the rational number field Q (cf.[16] or [17]).

We offer the definition of automorphic forms for GL(n,Z) given by A. Terras
(cf. [6], (p-182)).

Fors = (s1,---,s,) € C", Atle Selberg [3] (pp. 57-58) introduced the power function
ps : Pn — C defined by

n
ps(Y) :=T(detY))%, Y e 2, (27)
j=1
where Y; € &; (1 < j < n)is the j x j upper left corner of Y. It is known that ps(Y) is a
joint eigenfunction of D(.2,), i.e., ps(Y) is an eigenfunction of each invariant differential

operator in D(#,) (cf. [6], (pp. 39-40)).
Definition 3. A real analytic function f : &, — C is said to be a automorphic form for
GL(n,Z) if it satisfies the following Conditions (A1)—(A3):

(A1) f(yY'y) = f(Y) forall Y € P, andall v € GL(n,Z);
(A2) fisan eigenfunction of all D € D(2,), i.e., Df = Apf for some eigenvalue Ap;
(A3)  f has at most polynomial growth at infinity, i.e.,

[F(Y)| < Clps(Y)] for some s € C" and C > 0.
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We set T, = GL(n,7Z). We denote by A(T';, A) the space of all automorphic forms for
I'; with a given eigenvalue system A. An automorphic form f in A(T';, A) is called a cusp
form for I', if for any k with 1 < k < n — 1. We have

Ik X Ik X
Y dx=0 forall Y € 2. 28
/XeT(k,nk)f<(0 Ink> (o Ink>> * orat e 2%

(kn=k) denotes the

Here, T = R/Z denotes a circle, that is, a one-dimensional torus, and T
set of all k x (n — k) matrices with entries in T. Condition (A3) implies the vanishing of the
constant terms in some Fourier expansions of f(Y) as a periodic function in the x-variable

in partial Iwasawa coordinates.

Remark 4. Borel and Jacquet defined automorphic forms for a connected reductive group over Q (cf.
[18], (pp. 199-200) and [19], (pp. 189-190)). The definition given by Borel and Jacquet is slightly
different from Definition 3 given by Terras.

One of the motivations to study automorphic forms for GL(1, Z) is the need to study
various kinds of L-functions with many gamma factors in their functional equations. An-
other motivation for the study of automorphic forms for GL(n,Z) is to develop the theory
of harmonic analysis on L?(GL(n,Z)\ £,) and L?(GL(n,Z)\GL(n,R)) which involves the
unitary representations of GL(n, R).

Remark 5. Grenier investigated a fundamental domain for GL(n, Z) on 2y, and constructed a
compactification of GL(n, Z)\ &Py (cf. [20,21]).

Remark 6. Using the Grenier operator defined by Douglas Grenier (cf. [22]), we can define the
notion of stable automorphic forms for GL(n,Z).

4. Invariant Differential Operators on SL(n,R)/SO(n,R)

First of all, we provide some geometric properties on SL(1n,R)/SO(n, R).
We let
Py 1= {Y eRMM |y =ty >0, det(Y) =1 }

be a symmetric space associated to SL(n, R). Indeed, SL(n,R) acts on B, transitively by
goY =gYlg, g€ SL(n,R), Y € By (29)

Thus, B, is a smooth manifold diffeomorphic to the symmetric space SL(n,R)/SO(n,R)
through the bijective map

SL(n,R)/SO(n,R) — P,  ¢-SO(n,R) > gol, = g'q, ¢ €SL(nR).

For Y € %B,, we have a partial Iwasawa decomposition

p~1 0 1ty o1 o1ty
Y= ( 0 vl/(”_l)W> KO In_1>] - (v‘lx v‘lxtervl/(”_l)W) (30)

where v > 0, x € R"~11) and W € 93,,_;. From now on, for brevity, we write Y = [v, x, W|
instead of Decomposition (30). In these coordinates, Y = [v, x, W],

ds? = " ] v 2dv? + 27)*”/(”71)W71[dx] +ds?,

n—
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is a SL(n,R)-invariant metric on B,, where dx = '(dxy,---,dx, 1) and ds%,v is a
SL(n — 1,R)-invariant metric on 9B,,_1. The Laplace operator A, of (B, ds?) is given by

9 _(a 9
ox  \ox; ' ox,_1

and A, _1 is the Laplace operator of (3,1, ds%,\,),
dvy, = v~ "2/2 4o dx dv, 4

is a SL(n, R)-invariant volume element on ‘B, where dx = dx;---dx,, 1 and dv,_q is a
SL(n — 1, R)-invariant volume element on B,, 1.

Following earlier work of Minkowski [14], Siegel [23] showed that the volume of the
arithmetic quotient SL(n, Z)\%, is given as follows:

L k
Vol(SL(n,Z)\'B,) = /SL dvy = n2"1 1}_[ Volg((Sk)l)' 31)
. -2

(n,Z)\ B

where

k
Vol(§K1) = zr(&//z))

denotes the volume of the (k — 1)-dimensional sphere S¥~1, T'(x) denotes the usual Gamma
function, and (k) = Y_, m~* denotes the Riemann zeta function. The proof of (31) can
be found in [24] or [7] (pp. 27-37).

We let D(B,) be the algebra of all differential operators on 9, invariant under
the action (29) of SL(n,R). It is well known (cf.[4,10,11]) that D(3,) is commutative
and is isomorphic to the polynomial algebra C[xy,xp, - -, x,_1] with n indeterminates
X1,X2,- -, Xy—1. We observe that n — 1 is the rank of SL(n, R), i.e., the rank of the symmet-
ric space SL(n,R)/SO(n, R).

In [5], using the Maass—Selberg operators d1,dy, - - - ,d, (see Formula (21)), Brennecken,
Ciardo, and Hilgert found explicit generators E1, Ey, - - - , E;—1 of D(B,,). Obviously, Ey, E,

-, E,_1 are algebraically independent. We briefly sketch their method of finding genera-
tors El,Ez, e rEn—l Of]D)(g,Bn)

We denote by D(GL(n,R)/O(n,R)) (resp.D(SL(n,R)/SO(n,R))) the algebra of
all GL(n,R) (resp.SL(n,R))-invariant differential operators on GL(1n,R)/O(n,R) (resp.
SL(n,R)/SO(n,R)). Let us consider the following two mappings,

¢:SL(n,R)/SO(n,R) — GL(n,R)/O(n,R) (32)
defined by
$(g-SO(n,R)) :=g-0(n,R) forall g € SL(n,R)
and
p:GL(n,R)*/SO(n,R) — SL(n,R)/SO(n,R) (33)
defined by

p(g-SO(n,R)) := (det(g))~V/"¢-SO(n,R) forallg € GL(n,R)™.
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Here,
GL(n,R)" :={g € GL(n,R)| det(g) >0}
is a subgroup of GL(n, R). It is easily seen that the mapping
q:GL(n,R)"/SO(n,R) — GL(n,R)/O(n,R) (34)

defined by
g(g-SO(n,R)) :=¢-O(n,R)  forallg € GL(n,R)™"

is a diffeomorphism. We use this fact to identify GL(n, R)™ /SO (n, R) with GL(n,R) /O(n, R).
Now, L, denotes the left translation by ¢ on GL(n,R)/O(n,R) and SL(n,IR)/SO(n,R).
Brennecken, Ciardo, and Hilgert [5] show the following properties (BCH1)-(BCH4):

(BCH1) The maps ¢ and p are SL(n, R)-equivariant, i.e.,
polLyg=Lso¢ and poly=Lgeop  forallg € SL(n,R)
(BCH2) The mapping
< :D(GL(n,R)/O(n,R)) — D(SL(n,R)/SO(n,R)) (35)
defined by

Z(D)f:=D(fop)og
for all D € D(GL(n,R)/O(n,R)) and f € C®(SL(n,R)/SO(n,R)) is a morphism of
algebras. Here, we note that we identified GL(1n,R)"/SO(n, R) with GL(n,R)/O(n, R).
Furthermore,
(Z(D)f)o¢p=D(fop)
forall D € D(GL(n,R)/O(n,R)) and f € C*(SL(n,R)/SO(n,R)).
(BCH3) We let

Sp(R) :={X e R | X ="X}

According to Theorem 4 or [4] (Theorem 4.6, pp.285-286), for each
D € D(GL(n,R)/O(n,R)), there exists a polynomial Qp on S, (R) such that

f(g-exp(X)-O(n,R)),
X=0

(D)(s-0(n,%) = 0 5% )

where X = (x;;) € R with xjj = xji (1 <1i,j<n)and

i_ 1—|—(51‘]‘i
90X N 2 axi]- '

Here, §;; is the Kronecker delta symbol.  They show that each f € C%
(SL(n,R)/SO(n,R)),

(Z(D)f)(g-SO(n,R)) = Qp (;’X) (8- exp(X = n' Te(X) L) - SO(m, R)) ).

X=0

(BCH4) The morphism . is surjective and .£(d1) = 0.
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Combining the above properties (BCH1)-(BCH4), proved the following theorem was
proven (cf. [5], (Theorem 3.5)):

Theorem 9. We let 61,67, - - -, 8, be the Maass—Selberg operators. Then £ (61) = 0 and £ (5y.)
(2 <k < n) are given by

Z(5)f(g-SO(n,R))

3 \* 1
= Tr((&X) ) f((g~exp(X—n Tr(X) In)~SO(n,R))),
X=0
where X = (x;;) € R with xij=xji (1 <i,j<n)and

ii 1—|—51’]‘ )
0X - 2 axi]- '

The differential operators £ (62), L (63), - - - , L (0n) are algebraically independent generators of
D(SL(n,R)/SO(n,R)).

Corollary 2. We let
Suo(R) :={Y e R") |y =1y, Tr(Y) =0}

Then, for each f € C*®°(SL(n,R)/SO(n,R)) and Y € S,,0(R), we have

f(g-exp(Y))-SO(n,R), 2<k<n.
Y=0

k
Z(60f (8500 R)) = T((;;) )

We let g be the Lie algebra of SL(n,R). The adjoint representation Ad of SL(n,R) is
given by
Ad(g) =gXg™!, ¢€SL(nR), X<

The Killing form B of g is given by
B(X,Y)=2nTr(XY), X, Ye€g.
For brevity, we put K = SO(#n,R). The Lie algebra £ of K is
t={Xeg|X+'X=0}.
We let pg be the subspace of g defined by
Po = {Xeg|X: X e RV, Ty(X) :0}.

Then,
g=tDpo

is the direct sum of ¢ and py with respect to the Killing form B, since Ad(k)pg C po for any
k € K, K acts on pg via the adjoint representation by

k-X=Ad(k)X =kX'k, keK, X€p. (36)

Action (36) induces the action of K on the polynomial algebra Pol(pg) of pp and
the symmetric algebra S(py). We denote by Pol(pg)X (resp. S(pg)X) the subalgebra of
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Pol(po) (resp. S(po)) consisting of all K-invariants. The following inner product (, )o on pg
defined by
(X,Y)o=B(X,Y), X, Y€Ep

gives an isomorphism as vector spaces
po=py, X gx, XEpo, (37)
where p;; denotes the dual space of pg and g is the linear functional on py defined by
gx(Y) = (Y, X)o, Y € po.

It is known that there is a canonical linear bijection of S(pg)X onto D(B). Identifying po
with p;j by the above isomorphism (37), we obtain a canonical linear bijection

¥, : Pol(po)X — D(L,) (38)

of Pol(po)X onto D(P,;). The map ¥, is described explicitly as follows. We put Ny =
n(n+1)/2—1. Welet {& |1 < a < Np } be a basis of pg. If P € Pol(p)X, then

()i (sow (£ )

where f € C®(P,). We refer to [4] (Theorem 4.6, pp.285-286) or Formula (17) for more
detail. In general, it is very hard to express ¥, (P) explicitly for a polynomial P € Pol(pg)X.

’ (39)
(ta)=0

(a(P)f) (2K) =

If we repeat a partial decomposition process for Y € ‘B,, we obtain the Iwasawa

decomposition
1 xpp X1n
Y =y Ndiag (1} (1y2)% - iz -y 1)?) g (1) . S Ay
0 0 0 1
wherey > 0, y]ER(l<]<n—1)andx1]€]R(l<z<]<n) Here, y = yz(” b. Y
and diag(ay, - - - ,a,) denotes the n x n diagonal matrix with diagonal entries a3, - - - ,a,. In

this case, we denote Y = (y1,- -+, ¥n—1, %12, = , Xpn—1,)-

We define I';, = GL(n,Z)/{%I,}. We observe thatI', = SL(n,Z)/{£I,} if n is even
and I'y = SL(n,Z) if n is odd. An automorphic form for I, is defined to be a real analytic
function f:*B, — C satisfying the following conditions (AF1)-(AF3):

(AF1) fis an eigenfunction for all SL(n, R)-invariant differential operators on ;.
(AF2) f(yYly) = f(Y) forally € [,andY € Py.
(AF3) There exist a constant C > 0 and s € C"~! withs = (s1,- -+ ,8,_1)

such that [f(Y)| < C|p—s(Y)| as the upper left determinants detY; — oo, j =
1,2,--- ,n—1, where

— TT(dety))
j=1

is Selberg’s power function (cf. [3,6]).
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We denote by A(I',,) the space of all automorphic forms for I',. A cusp form f € A(T',,)
is an automorphic form for I'; satisfying the following conditions:

[ o | e
Xe(R/2Z)0m1) 0 I

Here, (R/Z)U"=1) denotes the set of all j x (1 — j) matrices with entries in the one-

)dX:O, 1<j<n-—1

dimensional real torus R/Z. We denote by A (T';;) the space of all cusp forms for I';.

Definition 4. For any positive integer n > 2, we define $),, to be the set of all n x n real matrices
of the form z = x - y, where

1 x1p x13 X1n

0 1 xp X2n
X = _

0 0 :

0 0 0 0 1

and
y=diag(yiy2 - Yn-1, Y12 Yn-2, -, Y1, 1)
withx;j € Rfor 1 <i<j<mnandy; >0for1 <i<n-—1.

We can show that §), is diffeomorphic to 3,,. In fact, we have the Iwasawa decomposition
GL(n,R) =9, -O(n) - Z,,
where Z, (= R*) is the center of GL(n,R) (cf.[7], (Proposition 1.2.6, pp. 11-12)). Here,
O(n) :=0(n,R) ={k€ GL(n,R)|'"kk =k'k =1, }
denotes the real orthogonal group of degree n. We see easily that
$n = GL(n,R)/(O(n) -R™),

where = denotes the diffeomorphism.
It is seen that GL(n, R) acts on $),, by left translation (cf.[7], (Proposition 1.2.10, p. 14)).
Then, we obtain

SL(n,Z)\SL(n,R)/SO(n) = SL(n,Z)\GL(n,R)/(O(n) - R*),
where SO(n) := SO(n,R) = SL(n,R) N O(n). We let
&, :=SL(n,Z)\SL(n,R)/SO(n) = SL(n,Z)\Bn, Pn := SL(n,R)/SO(n)
be the locally symmetric space. Therefore, we obtain the following isomorphism:
Sy = SL(n, Z)\$Hn.

B, parameterizes special principally polarized real tori of dimension 7 (cf. [15]). The
arithmetic quotient &, is the moduli space of isomorphism classes of special principally
polarized real tori of dimension n. Unfortunately, &, does not admit the structure of a real
algebraic variety and does not admit a compactification which is defined over the rational
number field Q (cf.[16] or [17]).
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Remark 7. In [25,26], Borel and Ji constructed the geodesic compactification, the standard com-
pactification, and a maximal Satake compactification of the locally symmetric space G,,.

Remark 8. Miiller [27] studied Weyl's law for the cuspidal spectrum of SL(n,R). In [28], Lapid
and Miiller studied the cuspidal spectrum of &,. In [29], Matz and Miiller introduced the analytic
torsion for &y,.

Proposition 1. We let n > 2. Following the coordinates of Definition 4, we put

n—1
d'x= T[] dxj and dy" = Hyk_n("_k)_ldyk.
1<i<j<n k=1
Then,
d'z=d"x-d"y

is the left SL(n, R)-invariant volume element on $3,,.
Proof. The proof can be found in [7] (Proposition 1.5.3, pp.25-26). O

Theorem 10. We let n > 2. Then, volume Vol(I"\$),,) of T\ $, is given by

n _ * _ n— u g(k)
VOl(r \ﬁn)—%n\ﬁndZ—nz 1gm/

where T = SL(n,Z) and
k
VOl(Sk_l) Z(ﬁ)

= T(k/2)

denotes the volume of the (k — 1)-dimensional sphere S*=1, (k) = Y°_ n™* is the Riemann zeta
function, and T'(p) denotes the usual Gamma function.

Proof. The proof can be found in [7] (Theorem 1.6.1, pp.27-37). O
Remark 9. Since ), is diffeomorphic to B3,
Vol(I'"\$,) = Vol (T"\B,) (see (31)).
The calculation of Goldfeld [7] (Theorem 1.6.1, pp. 27-37) is different from that of Garret [24].

For any v = (v1,vp,- -+ ,v,—1), we define the function I, : $, — Cby

n—1n-1 bivs
L(z):=T]TTv"" (41)
i=1 j=1
where
b ij, ifi+j<n
T Y m—iYn—j), ifi+j>n

Then, we see that I, (z) is an eigenfunction of D($),). Let us write
DI,(z) = Ap - I,(z) forevery D € D($),) (42)

since
Ap,D, = AD,AD, for all D1, Dy € D($,).



Geometry 2025, 2,9

20 of 43

Function Ap (viewed as a function of D) is a character of D($),,) which is called the Harish—
Chandra character.

Following Goldfeld (cf. [7], (Definition 5.1.3, pp. 115-116), the notion of a Maass form
is defined in the following way.

Definition 5. Welet n > 2. We put T = SL(n,Z). Forany v = (v1,vp,- -+ ,Vy_1) € Cr1 4
smooth f : T"\$), — C is said to be a Maass form for I'"* of type v if it satisfies the following
conditions (M1)-(M3):

M1) F(yz) = f(z) forall vy € I"and z € $,.
(M2) Df(z) =Apf(z) forall D € D($),) given by (42).
M3)  [rn Au\u f(uz)du = 0 for all upper triangular groups U of the form

0 I, =* =*
u= )

0 0 .

0 0 0 L

with ry + 1y + - - - + 1, = n. Here, I, denotes the r x r identity matrix and x denotes
arbitrary real matrices.

Remark 10. In [7], Dorian Goldfeld studied Whittaker functions associated with Maass forms,
Hecke operators for T, the Godement-Jacquet L-function for I'", Eisenstein series for I, and
Poincaré series for I'".

5. Invariant Differential Operators on Sp(2n,R)/U(n)

The first part of this section is based on the author’s paper [30] (pp. 279-281). Through-
out this section, we let G := Sp(2n,R) and K = U(n). We let

H,:={QeC") | Q="' ImQ>0}
be the Siegel upper half plane of degree n. Then, G acts on Hj, transitively by
M-Q=(AQ+B)(CQ+D)}, (43)

where M = € G and Q) € H,,. The stabilizer of Action (43) at il, is

{(_“; i)‘AvLiBe u(n)}gU(n).

Thus, we obtain the biholomorphic map

A B
Cc D

G/K — H,, gK — g-il,, g€G.

H,, is a Hermitian symmetric manifold. In fact, it is known that H, is an Einstein-Kéhler
Hermitian symmetric space.

For O = (wjj) € Hy, we write Q = X +iY with X = (x;;), Y = (y;j) real. We put
dQ) = (dw;j) and dQ) = (dc;j). We also put

) 1+4; o ) 1+4; o
— = and — = — |
5[Q) 2 awl’]' an] 2 aw”
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C. L. Siegel [31] introduced the symplectic metric ds? , on Hj, invariant under the action
(43) of Sp(2n,R) that is given by

dsin = A -Tr(Y 'dQy 'dQ), A>o0. (44)

It is known that the metric ds%; 4 is a Kdhler-Einstein metric. H. Maass [32] proved that its
Laplace operator A,,.4 is given by

4 ¥ 9\ o
and
dv,(Q) = (detY)~ "D TT dxy ] dys (46)
1<i<j<n 1<i<j<n

is a Sp(2n, R)-invariant volume element on H,, (cf. [33], (p. 130)).
We let D(H),) be the algebra of all differential operators on Hj, invariant under Action
(43). Then, according to Harish—Chandra [10,11],

D(Hy) = C[Dy, -+, Dul,

where Dy, - -+, D, are algebraically independent invariant differential operators on H,.
That is, D(H, ) is a commutative algebra that is finitely generated by n algebraically inde-
pendent invariant differential operators on H,,. Maass [2] found the explicit Dy, - - - , D;,. We
let g¢ be the complexification of the Lie algebra of G. It is known that D(H,,) is isomorphic
to the center of the universal enveloping algebra of g (cf. [4]).

Now, we review differential operators on the Siegel upper half plane H, invariant
under Action (43). The isotropy subgroup K at il,, for Action (43) is a maximal compact
subgroup given by

K= {(‘; AB>‘AfA—|—BtB— I, A'B=B'A, A B e R } =~ U(n).

We let £ be the Lie algebra of K. Then, the Lie algebra g of G has a Cartan decomposition
g = £ & m, where

X1 X2 ‘ ( t t
= X1, X2, X3 e ROV, Xy = 1X,, X3 = X3 ¥,
g {<X3 —tX1> 1, A2, A3 2 2, A3 3

X =Y
_ (2n,2n)
: {(Y X) eR

med (XY ‘X:tX,Y:tY,X,YeR(”'”).
Y -X

The subspace m of g may be regarded as the tangent space of H,, at il,. The adjoint

IX+X=0,Y= fy},

representation of G on g induces the action of K on m given by

koZ = kZ'k, wherek € Kand Z € m. 47)
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We let T}, be the vector space of n X n symmetric complex matrices. Welet¥ : m — T,
be the map defined by

(5 ) -xem (5 N)em a9

We let 6 : K — U(n) be the isomorphism defined by

A —B . A —B
(3 )= aem (3 F)ex "

where U(n) denotes the unitary group of degree n. We identify m (resp. K) with T, (resp.
U(n)) through the map ¥ (resp. ). We consider the action of U(n) on T}, defined by

h-w= hw'h, heln), wéeT,. (50)

Then, the adjoint Action (47) of K on m is compatible with Action (50) of U(n) on T, through
map Y. Precisely for any k € K and Z € m, we obtain

Y(kZ'%k) =6(k)¥(Z)'6(k). (51)

Action (50) induces the action of U (n) on the polynomial algebra Pol(T, ) and the symmetric
algebra S(T}), respectively. We denote by Pol(T,, )4 (") (resp. S(T,)U™ ) the subalgebra of

Pol(Ty) (resp. S(Ty) ) consisting of U (n)-invariants. The following inner product (, ) on
T, defined by

(ZW)=Te(ZW), ZWEeT,
gives an isomorphism as vector spaces
Tw =T, Zw—hy, ZE€ET, (52)
where T;; denotes the dual space of T;; and f7 is the linear functional on T}, defined by
hz(W)=(W,Z), WEeT,.

It is known that there is a canonical linear bijection of S(T,,)Y(") onto the algebra D(H,,) of
differential operators on H, invariant under Action (43) of G. Identifying T, with T}; by
the above isomorphism (52), we obtain a canonical linear bijection

@, : Pol(T,)4") —; D(H,,) (53)

of Pol(T,,)4(") onto D(H,). The map ©, is described explicitly as follows. Similarly, Action
(47) induces the action of K on the polynomial algebra Pol(m) and the symmetric algebra
S(m), respectively. Through map V¥, the subalgebra Pol(m)X of Pol(m) consisting of K-
invariants is isomorphic to Pol(T,,)Y("). We put N, = n(n +1). Welet {¢, |1 < a < N, }
be a basis of a real vector space m. If P € Pol(m)K, then

(2 (e om (Ere )

where f € C®(H,,). We refer to [4] (Theorem 4.6, pp. 285-286) for more detail. In general, it
is hard to express @, (P) explicitly for a polynomial P € Pol(m)X.

(©a(P)f) (8K) = , (54)

(ta):()
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According to the work of Harish-Chandra [10,11], the algebra ID(H,,) is generated
by n algebraically independent generators and is isomorphic to the commutative algebra
Clx1, -+, x| with n indeterminates. We note that n is the real rank of G. We let g¢
be the complexification of g. It is known that D(H,,) is isomorphic to the center of the

universal enveloping algebra of gc. H. Maass found algebraically independent generators
Dy,Dy,- -+ ,Dy of D(H,) (2], (pp. 112-118)). In fact, we see that

Yoa\ o
—Dy=Apy = 4Tr <Y (YaQ)aQ> (55)

is the Laplace operator for the invariant metric als%;1 on Hj,. Shimura [8] found another
algebraically independent generators of D(H,, ).

Example 1. We consider the case when n = 1. The algebra Pol(T;)U(") is generated by
the polynomial
g(w) =ww, w=x+ iye Cwithx,y real.

Using Formula (54), we obtain
92 92
4.2
®1(q> - 4y (axz + ayz )
Therefore, D(H;) = C[©1(g)] = C[D;].

For two complex numbers «, § € C, Maass considered the following matrix-valued
differential operator given by

+1
Qa,‘B = A‘B_nTHKa +[x<ﬁ - & 2 ) . Iﬂ/ (56)
where 3
K,x (Q—ﬁ)m"—lx In
and 5 1
n
Apsp = (-2~ (-1 1,
That is,
_ ¢ .0 ] —. 0 —. d
Q“,ﬁ:(Q—Q) ((Q—Q)B())aﬂ—ﬁ(Q—Q)aQ—i-oc(Q—Q)aQ

Y., 0\ 0 .\, 9 .\ 0
= 4oY<YaQ>aQZ,BzYaQ+2mYaQ.

We refer to [32] (p.49), [34] (p. 176), and [2], (p. 119). Then,
Tr(Qup) = —Dua —ZﬁiTr(YE;)) +21xiTr<Ya>, (57)
0Q)
where A, is the Laplace operator of (H,, dsi;l) (see Formulas (44), (45) and (55)).
Definition 6. The differential operator
Lnp = —Tr(Qa,ﬁ)

is called the Siegel-Maass Laplacian of weight («, B).
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Remark 11. We note that %0 = Ay € D(Hy,) but £, g & D(Hy) if («, B) # (0,0).
The following definition is given by Kramer and Mandal (cf. [9], (Definition 4.7]).

Definition 7. We set I”, = Sp(2n,Z). We let T C Sp(2n,R) be a subgroup of Sp(2n,R)
commensurable with T%,, i.e., the intersection T N T?, is a finite index subgroup of T as well as of T’
We let y; € 7, (1 < j < h) denote a set of representatives for the left cosets of T N T?, in T’,. For
two complex numbers «, B € C, we then let Q?Z’ﬁ (T') denote the space of all functions ¢ : H,, — C
satisfying the following conditions (KM1)—(KM3):

(KM1) ¢ is real analytic;

D

(KM3) given Yy € RO with Yy = Yy > 0, there exist a positive real number M € R and a
positive integer N € 7 such that the inequalities

(KM2) ¢(v-Q) = det(CQ+ D)*det(CQ + D)Pp(Q) forall y = (é B> er;

| det(C;Q2+ D;) * det(C;Qx+ D)) Po(y;- Q)| < M-Tr(YV)N
holds in the region {Q) = X +iY € H, | Y > Yy } for the set of representatives
A; B;
=7 T)erna<j<h).
Y <C]- D,») n(1<j<h)

Remark 12. For ¢ € %Z/ﬁ(l"), we set

19 llep= ., det()**Plp(Q)P don ()

where dv, (Q) is a Sp(2n, R)-invariant volume element on H,, (see Formula (46)). In this way,
we obtain the Hilbert space

Hp(D) = {9 € Typ(D) [ ¢ llep< oo}

equipped with the inner product

(9 g = [, det()**Po(Q) PO don(0)
forall ¢, € %”5(1") We note that in order to enable ||¢|| < oo, the exponent N € Z in part
(KM3) of Definition 7 has to be 0.

Remark 13. Kramer and Mandal showed that the Siegel-Maass Laplacian £, g acts as a symmetric
operator on %”5(1") (cf. [9], (Theorem 5.1, pp. 11-15). That is,
<$zx,/3(Pr 1P>zx,ﬁ = <(Pr gzx,ﬁ¢>a,ﬁ

forall o, € A75(T).

Definition 8. We let T C Sp(2n,R) be a subgroup of Sp(2n, R) commensurable with T”,. The
elements offf;f‘ﬁ(l“) are called automorphic forms of weight («, B) and degree n for I'. Moreover,
if ¢ € () is an eigenfunction of £, p, it is called a Siegel-Maass form of weight («, ) and
degree n for I'.
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For the present being, we assume that I' C Sp(2n,R) is a subgroup of Sp(2n,R)
commensurable with I, The case that « = § and p = —& with k € Z* provides an
application to the study of Siegel cusp forms of weight k for I. We recall the notion of Siegel
modular forms.

Definition 9. We let T C Sp(2n,R) be a subgroup of Sp(2n, R) commensurable with T%,. We let
vj € 7 (1 < j < h) denote a set of representatives for the left cosets of of T NT?, in T%,. Function
f : H,, — Cis called a Siegel modular form of weight k and degree n for T if it satisfies the
following conditions (SI1)—(SI3):

(SI1)  f is holomorphic;
A B
(SI2)  f(y-Q) =det(CQ+D)kf(Q) forally = (C D) el;
(SI3)  given Yy € R with Yy = 'Yy > 0, the quantities det(C;Q + Dj)’kf('yj -Q)) are
bounded in the region {QQ = X +iY € H,|Y > Yy} for the set of representatives
A; B;
= ) er(1<j<h).
Y (C]- Dj) el(1<j<h)
We denote by M, (T, k) the vector space of all Siegel modular form of weight k and degree n for
I. It is known that M, (T, k) is finite dimensional. Moreover, a Siegel modular form f € M, (T, k)
is called a Siegel cusp form of weight k and degree n for I if the condition (SI3) is strengthened to
the following condition (SI3)":
(SI3)*  given Yy € R with Yy = 'Yy > 0, the quantities det(C;Q + Dj)’kf('yj - Q) become
arbitrarily small in the region {Q) = X +iY € H,, | Y > Yy } for the set of representatives
A; B;
=) Tler(1<j<h).
Y (cj D]-> el(1<j<h)
We denote by &} (T') the vector space of Siegel cusp form of weight k and degree n for T. The
vector space €} (T') is a Hermitian inner product space equipped with the Petersson inner product

given by
(fr8) = .., 4t OO don(0)  (frg € €T)).
We have
Q —4YtYa I 'kYa d % = Tr(Q) 58
=Y \Yn)aa T ex md A =T O ) 69

Theorem 11. We let T C Sp(2n,R) be a subgroup of Sp(2n, R) commensurable with T, and let
NS jfg’t% (T) be a Siegel-Maass form of weight (5, —%) for T. Then, if.i”%ﬁ%(p = A ¢, then
A € Rand

A > nzk (n+1—k).

The equality holds if and only if ¢(Q) = det(Y)¥/2f(Q) for some Siegel cusp form f € €(T) of
weight k for I'. In other words,

¢(T) = Ker (.,sfg,g + ”Zk (n+1—k)- 1n> (59)

of complex vector spaces induced by the assignment
f(Q) — det(V)*2f(Q), (Q=X+iY€cH,, fcell)).

Proof. The proof can be found in [9] (pp.15-19). O
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Using the commutative algebra ID(H,,), we introduce the notion of Maass-Siegel
function for I';,.

Definition 10. Function f : H,, — C is said to be a Maass—Siegel function for T, if it satisfies
the conditions (MS1)—(MS4):

(MS1)  f is real analytic;

MS2) f(v-Q)=f(Q) forally € T’ and Q € Hy;

(MS3)  f is an eigenfunction of all invariant differential operators in D(H,,);

(MS4) given Yy € R®M with Yy = 1Yy > 0, the quantities f(Q) are bounded in the region
{O=X+iYeH,|Y>Yy}.

Function f : H,, — C is said to be a weak Maass-Siegel function for I, if it satisfies the
above conditions (MS1), (MS2) and (MS4) together with (MS3)*:

(MS3)* f is an eigenfunction of the Laplace operator Ay, 4 of (H,, dsi; 2)-

Problem 1. Develop the theory of harmonic analysis of L2(I\IH,,). Develop the spectral theory of
the Laplace operator Ay, 4 (see Formula (45)) on L*(T2\H,,).

6. Invariant Differential Operators on GL, ,,/O(n,R)
This section is based on papers [15,35]. We recall that the group

GLym(R) := GL(n,R) x R™")

is the semidirect product of GL(1,R) and the additive group R("") endowed with multi-
plication law

(ga) 0 (h,B) = (gh,a'h™ " + ) (60)
forall g, € GL(n,R) and &, B € R(™"). We also recall the Minkowski-Euclid space
P = Py x ROV = Ly e R |y =ty >0} x RU™,

Then, GLy,,»(R) acts on &, , naturally and transitively by

(g0) - (Y, V) = (gY's, (V+a)'g) (61)

for all (g,&) € GLym(R) and (Y, V) € £, . Since O(n, R) is the stabilizer of the action
(61) at (I, 0), the non-symmetric homogeneous space GLy, (R)/O(n,R) is diffeomorphic
to the Minkowski-Euclid space &, ,,. We denote by D(.2,, ) the algebra of all differential
operators on %, ,, invariant under Action (6.2) of GLy ,(R). We let

GLn,m (Z) = GL(n, Z) X Z(m,n)

denote the discrete subgroup of GLy, 1 (R).
For a variable (Y, V) € 2, withY € 2, and V € R(""), we put

Y = (y;;) withy;; = yj;, V = (v),
dY = (dy;j), dV = (doy),

[dY] = Ndyij, [dV] = \dog,
Kkl

i<j
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and
o _ (L&) o (o
Y N 2 ayl] 1% - E)vkl !
wherel <i,j,l <nand1 <k <m.
For a fixed element (g,a) € GL; 1 (R), we write
(Yo Va) = (&0) - (Y, V) = (8Y'g, (V+a)'g),
where (Y, V) € &, . Then, we obtain
Yo=gY's Vi=(V+a)g (62)
and
d 4, 10 4 o Jd 4
v, = 8 s v v T av (©)
Lemma 1. For all two positive real numbers a and b, the following metric dsfbm;a,b on Pum
defined by
ds? oy = a-Tr(Y 1YY 1Y) + b-Te(Y ' (dV) dV) (64)

is a Riemannian metric on Py, which is invariant under Action (61) of GLy,,(R). The Laplacian
An,m;a,b of(gzn,m, ds? ) is given by

n,m;a,b

1 a\*\ m d 1 CRWA)
<p P
Moreover, A\, .0 is a differential operator of order 2 which is invariant under Action (61)
of GLy,m(R).

Proof. The proof can be found in [15] (Lemma 8.1, p.312). O

Lemma 2. The following volume element dpiy m(Y, V) on Py defined by

n+m+1

At (Y, V) = (det Y)~ "4 [aY][dV] (65)

is invariant under Action (61) of GLym (R).
Proof. The proof can be found in [15] (Lemma 8.2, pp.312-313). [
The Lie algebra g, of GLy,x(R) is given by
0. ={(X,2)| X eR", Z e RN }
equipped with the following Lie bracket:
(X1, Z1), (X2, Z2)], = ([X1, X2]o, Z2' X1 — Z1'X2),

where [X1, X3]p = X3 X2 — X2 X7 denotes the usual matrix bracket and (X3, Z1), (X2, Z2) €
g«. The adjoint representation Ad, of GLy,,(R) is given by

Ad, ((gM))(X,2) = (gXg™, (Z—=1"'X)'g), (66)
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where (g,A) € GL,m(R) and (X, Z) € g, and the adjoint representation ad, of g, on g, is
given by
ad, ((X,2))((X1,21)) = [(X,2), (X1, Z1)] .

We see that the Killing form B, of g, is given by
B*((Xl,Zl), (Xz, Zz)) = (21’[ + m) TI'(X1X2) — ZTI‘(Xl) TI'(Xz).

We let
Ky :={(k,0) € GLym(R) |k € O(n,R) } = O(n,R).

Then, the Lie algebra £, of K, is
E*:{(X,O)Eg*|X—|—tX:0}.
We let p, be the subspace of g, defined by
Py = { (X,Z) € g, | X = 'X e RO, 7 € RO }
Then, we have the following relation:
(6, 6] C b and [t ps] C P

In addition, we have
g« =t B p.  (the direct sum).

K, acts on p, via the adjoint representation Ad, of GL,,(R) by

ke (X,Z) = (kX'k, Z'k), (67)

where k, = (k,0) € K, withk € O(n,R) and (X, Z) € p,.

For brevity, we set K = O(n,R). Then, Action (68) induces the action of K on the
polynomial algebra Pol(p,) of p, and the symmetric algebra S(p ). We denote by Pol(p,)K
(resp. S(ps)K) the subalgebra of Pol(py) (resp. S(p4)) consisting of all K-invariants. The
following inner product (, ), on p, defined by

(X1, Z1), (X2, Z2)), = Te(X1X2) + Tr(Z1'Z2), (X1, Z1), (X2, Ya) € pu
gives an isomorphism as vector spaces
= (X Z) = fxz, (X Z) €ps (68)

where p denotes the dual space of p, and fx 7 is the linear functional on p, defined by

fxz((X1,21)) = (X, 2),(X1,21)),, (X1,Z1) € ps.

We let D( 2, be the algebra of all differential operators on &, ,, that are invariant under
Action (61) of GLy, (). It is known that there is a canonical linear bijection of S(p. )X onto
D(Pp,m). Identifying p, with p} by the above Isomorphism (68), we obtain a canonical
linear bijection

@,y : Pol(p )X — D(2 1) (69)
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of Pol(p,)K onto D(2,,,). The map @, is described explicitly as follows. We put
Ny, =n(n+1)/2+ mn. Welet {,| 1 < « < N, } be a basis of p,. If P € Pol(p,)X, then

(2 (o (E )

where f € C®(%,m). We refer to [4] (pp. 280-289). In general, it is very hard to express
)~

, (70)
(ta):O

(@nn(P)f) (2K) =

P, (P) explicitly for a polynomial P € Pol(p.
We take a coordinate (X, Z) in p, such that

1 1
X11 7X12 ... 3X1n
1 1
5X12 X22 oo 3X2p
2 2
X=1". o T lep and Z=(zy) e R™M,
1 1
3X1ln 3X2n .-+ Xnn

Here,
p:={XecRM | Xx="x}.

We define the polynomials «;, ,Bg;), Rjp, and Sj, on p, by

0(X,2) = Tr(X'), 1<j<n, (71)
(k) _ kt _

Bpg (X,Z) = (ZX Z)pq, 0<k<n—-1,1<p<qg<m, (72)
Rj,(X,Z) = Te(X('ZZ)P), 0<j<n-1,1<p<m, (73)
Sip(X,Z) = det(X/('ZZ)), 0<j<n—-1,1<p<m, (74)

where (ZX'Z) ,q denotes the (p, )-entry of ZX tZ.
We propose the following natural problems.

Problem 2. Find a complete list of explicit generators of Pol(p,)X.
Problem 3. Find all the relations among a set of generators of Pol(p,)X.

Problem 4. Find an easy or effective way to express the images of the above invariant polynomials
under the Helgason map ®,, ,, explicitly.

Problem 5. Decompose Pol(p,)K into O(n, R)-irreducibles.

Problem 6. Find a complete list of explicit generators of the algebra D(Py,,). Or construct
explicit GLy,;u (R)-invariant differential operators on Py .

Problem 7. Find all the relations among a set of generators of D( Py ).
Problem 8. Is Pol(p, )X finitely generated? Is D( P, ) finitely generated?
Problem 9. Find the center %5, 1 of D( Py m ).
M. Itoh [36] proved the following theorem.
Theorem 12. Pol(p*)K is generated by a; (1<j<mn)and ,Bg;) 0<k<n—-1,1<p<g<m).

Proof. We refer to [36] (Theorem 3.1). [
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According to the above theorem, he solved Problem 2 and Problem 8. He also solved
Problem 3 in [36] (Theorem 3.2).

We present some invariant differential operators on &, ;. We define the differential
operators Dj, (), and L, on &, by

k ¢
®_ )9 (9 \y(2 <k<n-1,1<p<g<
QM{BV<2Y8Y)Y(8V pq, 0<k<n—-1,1<p<g<m (76)

t a a 4

Here, for matrix A we denote by Ay, the (p, q)-entry of A.

and

Also, we define the invariant differential operators & ip by

oV (.7 a\ o
wherel <j<nand1 <p <m.

Remark 14. It is seen that [Dl,Q;%)] = ZQ;%) (cf. [35], (Theorem 8.1, p.304)). Therefore,
D( P, m) is not commutative. We refer to [35] for more details on invariant differential operators
on the Minkowski—Euclid space Py .

We want to mention the special invariant differential operator on &, ;. In [37], the
author studied the following differential operator M,, ,,,.  on &y », defined by

M = det (Y) - det i+iti (2 (79)
nm; = G€ oy Tsx \av v ) )

where ./ is a positive definite, symmetric half-integral matrix of degree m. This differential
operator characterizes singular Jacobi forms. For more detail, we refer to [37]. According
to (62) and (63), we see easily that the differential operator M, ,,. , is invariant under
Action (61) of GLy 1 (R).

Question: Calculate the inverse @, Y (M, i) Of My, .o under the Helgason map @, .

7. Invariant Differential Operators on SL,, ,,(R)/SO(n,R)
We recall that the group

SLn,m(R) = SL(”,R) X R(m,n)

is the semidirect product of SL(1,R) and the additive group R("") endowed with multi-
plication law

(g,@) 0 (h,B) := (gh,a'h™" + B) (80)

forall g, h € SL(n,R),and &, B € R("™"). We also recall the homogeneous space

B := P x ROV = {Y e R |y =ty >0, dety =1} x RO,
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Then, SL;, . (R) acts on B, ,, naturally and transitively by
(ga)- (Y, V):=(g¥', (V+a)'g) (81)

forall (g,&) € SLym(R)and (Y, V) € Py, m. Since SO(n, R) is the stabilizer of Action (81) at
(I,,0), the non-symmetric homogeneous space SLy, ,(R)/SO(n,R) is diffeomorphic to the
non-symmetric space ... We denote by D () the algebra of all differential operators
on ‘P, ,, invariant under Action (81) of SLy, ,» (R). We let

SLn,m(Z) = SL(Tl, Z) X Z(m,n)

denote the discrete subgroup of SLy, ;(R).
From now on, we write G, = SLy,,(R) for brevity. We let

si(n,R) = { X e RO | Tr(X) = 0}
be the Lie algebra of SL(n, R). Then, it is easy to see that the Lie algebra g., of G, is given by
o = { (X,Z)| X € si(n,R), Z € R(mM) } (82)
equipped with the following Lie bracket:
[(X1,Z1), (X2, Z2)]o = ([X1, XoJo, 22" X1 — Z1'Xa), (83)

where [X1, X3]o := X1X5 — X2 X7 denotes the usual matrix bracket and (X1, Z1), (X3, Z7)
€ go. The adjoint representation Ad,, of G, is given by

Ad, ((g,0))(X,Z) = (gXg ', (Z—-a'X)'g), (84)

where (g,a) € G, and (X, Z) € go. And the adjoint representation ad., of g, on End (g.) is
given by
ado (X, 2))((X1,Z1)) = [(X, Z), (X1, Z1) o (85)

We easily see that the Killing form B, of g, is given by
Bo((Xl,Z1), (X2,Zz)) = (Wl+4) TI‘(X1X2). (86)

Therefore, the Killing form B, is highly degenerate.
We let
Ko = {(k, 0) € Go| k€ SO(n,R) } = SO(n,R)

be the compact subgroup of G,. Then, the Lie algebra £, of K is
to={(X,0) €go| X+!X=0, X € R"™), 0 e RI"M }.
We let p,, be the subspace of g, defined by
po = { (X,2) € go| X = 'X e R, Tr(X) =0, Z e R }.
Then, we have the following relation:

[€,,8]o CE,  and  [E, po] C po. (87)
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In addition, we have
go = t, ®po (direct sum). (88)

We note that the restriction of the Killing form B, to £, is negative definite and the
restriction of B, to the abelian subalgebra vt = { (0, Z) € g. } is identically zero. Since t is
the radical of B.,, B, is degenerate (see Formula (86)).

An Iwasawa decomposition of the group SL; »(R) is given by

G<> = NOAQKQ, (89)

where

1 = *

1 *
N, = oo el eGs a e RU™M

0 0 O 1

0 0 O
and

n
A, = {(diag(ay,- - ,a,),0) €Go|a; €R, [[axr=1,1<i<n}.
k=1

An Iwasawa decomposition of the Lie algebra g, of G, is given by

o =No + a0+ &, (90)

where

0 = *

0 0 *

n, = coro. i ,al ego| ae ROV

0 0 O 0

0 0 O 0
and

n
ao = { (diag(c1, -+ ,cn),0) €Ego | ER, Y =0, 1<i<n}.
k=1
In fact, a, is the Lie algebra of A, and n, is the Lie algebra of N..
Since Ad, (k)po C po for any k € Ko, K, acts on p, via the adjoint representation of K,
on p, by
ko (X,Z) = (kX'k, Z'k), (91)

where ko, = (k,0) € K, withk € SO(n,R) and (X, Z) € p.

We put K, = SO(n,R). Action (91) induces the action of K, on the polynomial algebra
Pol(ps) of p, and the symmetric algebra S(p.). We denote by Pol(p, )X (resp. S(po)X:) the
subalgebra of Pol(p,) (resp. S(p.)) consisting of all Ky-invariants. The following inner
product (, ), on p, defined by

(X1,Z1), (X2, Z2)), = Te(X1 Xp) + Tr(Z1 ' Z2),  (X1,Z4), (X2, Y2) € po
gives an isomorphism as vector spaces

po =ps, (X,2) = fxz, (X,Z) €y, (92)
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where p} denotes the dual space of p,, and fx 7 is the linear functional on p., defined by

fxz((X1,21)) = (X, 2),(X1,Z1)),, (X1,Z1) € po.

We let D(,,,) be the algebra of all differential operators on 3, ,, that are invariant under
Action (81) of GLy,(R). It is known that there is a canonical linear bijection of S(p. )X onto
D(By,m). Identifying p, with p by the above Isomorphism (92), we obtain a canonical
linear bijection

Yo 2 Pol(po) s — D(Pm) (93)

of Pol(po)Kt onto D(Py,m). The map ¥, is described explicitly as follows. We put
Noe=n(n+1)/2+mn—1.Welet {¢n|1 < a <N, }beabasisof p,. If P € Pol(po)KJ; then,

<Tn,m(P)f> (gKO) = [P<ai)‘>f<g - exp (% taQa) K<>>

a=1

, (94)
(ttx):O

where f € C®(By,m). We refer to [4] (pp.280-289). In general, it is very hard to express
¥ ,m(P) explicitly for a polynomial P € Pol(p,)%:.
We take a coordinate (X, Z) in p, such that

1 1
X11 ixlz e jxln
1 1
75X X .. 3X
2412 22 34A2n
X=1". - S em and Z=(zg) eR™,
1 1
ixln 23('2” cen .Xnn

where
p={XeRM | X="X, Tr(X)=0}.

We propose the following natural problems.
Problem 10. Find a complete list of explicit generators of Pol(p. )Xz
Problem 11. Find all the relations among a set of generators of Pol (p,)Xe.

Problem 12. Find an easy or effective way to express the images of the above invariant polynomials
under the Helgason map ¥, »,, explicitly.

Problem 13. Decompose Pol(p,)X: into SO(n, R)-irreducibles.

Problem 14. Find a complete list of explicit generators of the algebra D (B, ) or construct explicit
SLy,m(R)-invariant differential operators on By, m.

Problem 15. Find all the relations among a set of generators of D(PBy,m ).
Problem 16. Is Pol(p., )X finitely generated? Is (B, ) finitely generated?
Problem 17. Find the center 3y, m of D(Py,m ).

Problem 18. Decompose the Hilbert space L?(SLym(Z)\SLym(R)) into irreducible unitary
representations of SLy , (R).

8. Invariant Differential Operators on G//(U(n) x S(m,R))
The first part of this section is based on the author’s papers [38] and [30] (pp. 285-288).
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For two positive integers m and n, we consider the Heisenberg group
H&"’m) ={(Awx)|Aue R e ROWM |y 4 #'A symmetric }
endowed with the following multiplication:

(Aux)o (A )i’y = A+ A w4+ + My — ')

with (A, u;x), (M, 1';«") € H[E{n’m). We define the Jacobi group G/ of degree n and index m
that is the semidirect product of Sp(2n,R) and Hg’m)

— (1,m)
G/ = Sp(2n,R) x Hy™"
endowed with the following multiplication law:
(M, (A, sx)) - (M, (A, 5" )) = (MM, (A+ A i+ s+ + A — A7) (95)

with M, M’ € Sp(2n,R), (A, u;x), (A, w;x") € Hﬂ(g’m), and (A, fi) = (A, u)M'. Then, G/
acts on Hl,, x C("") transitively by

(M, (A, ;%)) - (Q, Z) = (M -, (Z+AQ+ 1)(CQ+ D)*l), (96)
A B (n,m) (m,n)
where M = c D € Sp(2n,R), (A, u;x) € Hy "/, and (Q, Z) € H, x C""). We note

that the Jacobi group G/ is not a reductive Lie group and the homogeneous space H;, x
C(mn) jsnot a symmetric space. From now on, for brevity, we write H,, ,, = Hj, Cmmn),
The homogeneous space H, ; is called the Siegel-Jacobi space of degree n and index m.

For a coordinate (Q), Z) € H,,, with Q = (wyy) and Z = (zi;), we write ) = X +iY
with X = (x;;), Y = (y;j) real. We put dQ = (dw;;) and dQ) = (d;;) and set

) 1+4i; o ) 1+4i; o
— = and — = — |.
0 2 awu 20) 2 awi]-

We write
Z = U+1iV, u= (ukl), V = (vkl) real,
dZz = (dzy), dZ = (dzy),
kN 9 0 0
o 32'11 : 3Z'm1 o zi1 T 0Z
0Z a ’ a 0z a ’ a
9z1; 7 0Zmm 9Zi, " 9Zmm

The author proved the following theorems in [39].
Theorem 13. For any two positive real numbers A and B,
42 ap = ATe(YldQYld0)
+B {Tr(y—l vyl Y—ldﬁ) + Tr(y—l HdZ) dZ)

—Tr(vrldnrl f(dZ)) - Tr(vrldﬁrl HdZ) )}
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is a Riemannian metric on Hy, ,, which is invariant under Action (96) of G/. In fact, ds2  , pisa
Kihler metric of H, ;.

Proof. See Theorem 1.1in [39]. O

Theorem 14. The Laplace operator Ay, .4 p of the G/ -invariant metric dsfl,m; A p 1S given by
4 4
Aym;AB = a M, + EMZ, 97)
where
Y. 0\ o it (L0 @
M; = Tr<Y<Ya())m> +TI‘<VY V(Yaz)az>
7,9\ 9 RN
(v (v5)az) + #(V(3z)an )
and

o' a
2 r( Z <az> )
Furthermore, My and M, are differential operators on H,, , invariant under Action (96) of G/.

Proof. See Theorem 1.2in [39]. [

Remark 15. Erik Balslev [40] developed the spectral theory of Ay 1.11 on Hy 1 for certain arithmetic
subgroups of the Jacobi modular group to prove that the set of all eigenvalues of A 1,11 satisfies the
Weyl law.

Remark 16. Yang et al. [41] proved that the scalar curvature of (Hj 1, ds%,l; Ap)is— % and hence
is independent of parameter B.

Remark 17. The scalar and Ricci curvatures of the Siegel—-Jacobi space (Hy ,, dsim; ap) (m=>1)
were completely computed by G. Khan and |. Zhang [42] (Proposition 8, pp. 825-826). Fur-
thermore, Khan and Zhang proved that (lem,ds%,m; Ap) (m > 1) has non-negative orthogonal
anti-bisectional curvature (cf.[42]) (Proposition 9, p. 826).

Remark 18. For an application of the invariant metric ds2 . o, we refer to [42—44].

Now, we investigate differential operators on the Siegel-Jacobi space I, ;, invariant
under Action (96) of G/. The stabilizer K/ of G/ at (il,,, 0) is given by

K = {(k, (0,0;%)) | k€ K, x = 'x € ROWM }

where

K= { (‘; _AB> \ A'A+BB=1, A'B=B'A, A BecRM } =~ U(n).
Therefore, H,; ;,, = G//Kisa homogeneous space which is not symmetric. The Lie algebra
¢/ of G/ has a decomposition

o =¥ 4y,

where
g = {(z, (P,Q,R))| Z € g, P,Q € R™), R = R € RI™™) }
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¢ ={(X,(00R)|Xct R="ReR" ],

pI = {(Y’(P/QIO)) | Yem, P,Qe€ R(m,n) }

Here,
X X
g= { (X;l:, _ t)Z) ‘ X1, X, X3 € R, X5 = Xy, X3 = 'X; }
= {(i g) eRP X4 X =0,V = fy}
and

m= (5 ) [x= % v=ty, xyerem |
Y -X

We note that g is the Lie algebra of Sp(2n,R) and ¢ is the Lie algebra of K = U(n). Thus,
the tangent space of the homogeneous space H,, ,; at (il,;,0) is identified with p/.

X1 N X Y
If o = ((Zl —tX1>’ (P1,Q1,R1)> and B = ((Zz —tX2>'(P2' QZ,R2)> are ele-

ments of g/, then the Lie bracket [a, 8] of « and § is given by

X* Y*
[“/.B] = ((Z* _tx*>’(P*’ Q*rR*)>r (98)

where

X" = XiXo—XoXi1+Y1Zy - V224,

Y = XiYo—XoYi+ Y X1 — Y Xy,

7t = I1Xo— X1+ X7y — X125,

P* = PXo—PX1+QiZ— Q74

Q" = PV, -PYi+QX—Q1'Xy,

R* = P'Q-P'Q1+Q'P— Q1P
Lemma 3.

W, ¢ ce, [¥,p]]cyl

Proof. The proof follows immediately from Formula (98). O

K = <<‘; f),(o,o,x)) ek

with (;‘ _B> €K, x = tx € Rmm) gnd

A
(5 2o

withX = tX, Y =ty e R(nn) | p, Qe R1) Then, the adjoint action ofK] on plis given by

Ad(K)a = ((X Yo ),(P*,Q*,O)>, (99)

Lemma 4. Let

Y., —X
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where

X. = AX'A— (BX'B+BY'A+AY'B), (100)

Y, = (AX'B+ AY'A+BX'A) —BY'B, (101)

P, = P'A-Q'B, (102)

Q. = PB+Q'A (103)

Proof. We leave the proof to the reader. [J

We recall that T}, denotes the vector space of all n x n symmetric complex matrices. For
brevity, we put Ty, := Ty X C(mn) We define the real linear isomorphism P : pl — Ty,m by

c1><<§ _i(),(P,Q,O)) = (X +iY,P+iQ), (104)

where ); _1;( €mand P,Q € R(mn),

We let S(m,R) denote the additive group consisting of all m x m real symmetric
matrices. Now, we define the isomorphism 6 : K/ — U(n) x S(m,R) by

6(h,(0,0,x)) = (6(h),x), heK, ke S(mR), (105)

where 6 : K — U(n) is the map defined by Formula (49). Identifying R(") x R("") with
C(mn) we can identify p/ with Tom = Tn X Cmn),

Theorem 15. The adjoint representation of K/ on p/ is compatible with the natural action of
U(n) x S(m,R) on Ty, defined by

(h,x) - (w,z) = (hw'h, z'h), helU(n), k€ S(mR), (w,z) € Tym (106)
through maps ® and 0. Precisely, if k) € K/ and o € p/, then we have the following equality:
®(Ad(K )a) = 0(K' ) - D(a). (107)
Here, we regard the complex vector space Ty, as a real vector space.

Proof. The proof can be found in [30] (pp.286-287). O

We now study algebra ID(H,, ,,) of all differential operators on H,, ,, invariant under
the natural Action (96) of G/. Action (106) induces the action of U () on the polynomial
algebra Pol, ;, :== Pol (Ty,m). We denote by Pol,LII, 5:,1 ) the subalgebra of Pol, ;; consisting of
all U(n)-invariants. Similarly, Action (99) of K induces the action of K on the polynomial
algebra Pol(p/). We see that through the identification of p/ with T}, ,, the algebra Pol(p/)
is isomorphic to Pol, . The following U (n)-invariant inner product (, ); of the complex
vector space T, ;, defined by

(w,2), (w’,z’))] =Tr(ww' ) +Tr(z'7), (w,z), (&,2) € Tym
gives a canonical isomorphism

Tn,m g T;;/m/ (wlz) — fw,z/ (wlz) E TH,TI’I/
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where f, - is the linear functional on T}, ;;, defined by
foz((0',2") = (0, 2), (w,2)),, (W,2") € Tym.

According to Helgason [4] (p. 287), one obtains a canonical linear bijection of (T}, ,,)Y(")
onto D(H,, ). Here, S(Ty,) denotes the symmetric algebra of T, ,, and S(T,,, )Y (") denotes
the subalgebra of all U(n)-invariants in S(T,). Identifying T, ,, with T;; ,, by the above
isomorphism, one obtains a natural linear bijection

Opm : POl s D(H, )

of Pol% " onto D(Hy, ). The map ©,,, is described explicitly as follows. We put

Ny =n(n+1)+2mn. Welet {5, |1 < a < N, } beabasisof p/. If P € Pol(p])K :Pol%%),

then
(@)n,m(P)f) (k) = lP(a? )f(g exp (Ztaﬂa> K])

1

, (108)
(ta):0

where ¢ € G/ and f € C*(H,, ). In general, it is hard to express @y, (P) explicitly for a

polynomial P € Pol,L,l, ,(1;1 ),

We propose the following natural problems.
Problem 19. Find a complete list of explicit generators of Pol% ,(1? ),

u(n)

Problem 20. Find all the relations among a set of generators of Pol,, .

Problem 21. Find an easy or effective way to express the images of the above invariant polynomials

U(n)

or generators of Pol,, ,,,” under the Helgason map ©,, », explicitly.
Problem 22. Decompose Pol,lf, E,Zl ) into U (n)-irreducibles.

Problem 23. Find a complete list of explicit generators of the algebra D(H,, ,) or construct explicit
G/-invariant differential operators on Hy, .

Problem 24. Find all the relations among a set of generators of D(Hy, ;).
Problem 25. Is Pol,lql, (") finitely generated? Is D(H, ,,) finitely generated?
Problem 26. Are there canonical ways to find generators of Pol, (n)?

Problem 27. Find the center €y, of D(H,, 1, ).

We give answers to Problems 19 and 25. We put ¢(%) = Tr((w@)¥). Moreover,
for1 <a,b <mandk >0, we put

P00 — o)k t),, 0 = a(wd) ),
PO = zwd)w),, Y = Cowo) '),

Then, we have the following relations:

(2k) _ (2 )’ lP(l 2k,1) ¢b0 ,2k+2, O), ¢(1 ,2k,0) whl 2k0) 4)(0 ,2k,1) wéO,Zk,l) ) (109)

=9 a a

Minoru Itoh [36] proved the following theorems:
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Theorem 16. The algebra Pol% ,(1? ) is generated by the following polynomials:

(0,2k,0 0,2k,0 1,2k,0 (1,2k,0)
q)(2k+2)’ Re lp )/ Im lP[Ed )/ Re ll),gb )/ Im lpab .

Here, the indices run as follows:
0<k<n-1, 1<a<b<m, 1<c<d<m.

This is seen from the following theorem by using (109):

Theorem 17. The algebra Pol% ,(1? ) is generated by ¢(%+2), 1}) (0:2k0) wbg 2%1) and l[Jb

the indices run as follows:

(1,2k,0)
. Here,

0<k<n-1, 1<ab<m.

Proof. See Theorem 1.1in [36]. [

We consider the case n = m = 1. For a coordinate (w, () in T;; = C x C, we write

w=r+is, {=(+in € C, r,s,,1y real. The author of [45] proved that algebra Polﬂl) is

generated by
g(w, &) = iw@: }1(1’2—0—52),
a(w,§) = ¢E =+,
9w, ) = %Re (&%) = %7(62—172) +581,
1 1

p(w, &) = 5 Im( w) = 55(772 — %) +ran.
In [45], using Formula (108), the author calculated explicitly the images
=011(9), D2=011(x), D3=011(¢) and Dys=01,(y)

of q, ¢, ¢, and ¢ under the Helgason map ©;;. We can show that algebra ID(H ;) is
generated by the following differential operators:

LR 2
Pr=y (aﬂ'*mﬂ)*”’(a#'+a#>
02 02
+2yv ( dx0u ayav )'

02 02
D=y 5+ 32 )

9/ & B8
_ .2 2
Ds=v5, ( ou? azﬂ) Y Sxaudo

d
—<Uav +1>D2

9/ & &
2 Y 2
D=y (802 au2> 2V Syauav

0
—0 @D2,

and
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where T = x + iy and z = u + iv with real variables x, y, u, v. Moreover, we have

3 [ & 02
DiD; — DDy = 2y28y<8u2_802>

—442 & -2 viD +D
Y oxouov Jo 2T 72 )

In particular, algebra ID(H] 1) is not commutative. We refer to [45] for more detail.

Hiroyuki Ochiai [46] proved the following results.
Lemma 5. We have the following relation:
9?97 =qa
This relation exhausts all the relations among the generators q, a, ¢, and i of Poly 1(1).

Proof. This follows from a direct computation. [

Theorem 18. We have the following relations:

(a) [D1,D2] =2D3,

() (D1, D3] = 2D, D; — 2Ds,
(c) [Dp, D3] =—D3,

(d) [D4,Dq] =0,

(6) [D4, Dz] = 0,

() [D4, D3] =0,

(g) D% + DZ = DyD1D;.

These seven relations exhaust all the relations among generators Di, Dy, D3, and Dy
OfD(HL]).
Proof. The proof can be found in [46]. [

Finally, we see that for the case when n = m = 1, the above eight problems are
completely solved.

Remark 19. According to Theorem 18, we see that Dy is a generator of the center of D(H 1). We
observe that the Lapalcian
4

4
A48 = 1 Dy + 3 D,  (see Formula (97))

of (Hj 1, dsil; A,p) does not belong to the center of D(Hj ;).

Remark 20. When n = 1 and m is an arbitrary integer, Conley and Raum [47] found the
2m? + m + 1 explicit generators of D(Hy ,,,) and the explicit one generator of the center of D(IHy ;).
They also found the generators of the center of the universal enveloping algebra $(g/) of the Jacobi

Lie algebra g/. The number of generators of the center of t(g/) is 1+ ™1

We set T%, := Sp(2n,Z) and T/ := T, x H (see notations).

Definition 11. Function f : H,,,, — C is called a Maass—Jacobi function for T/ if it satisfies
the following conditions (MJ1)-(MJ4):

MJ1) £ is real analytic;
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MJ2) f(o)-(Q,2)) = f(Q,Z) forally/ € TTand (Q,Z) € H,, ;
(MJ3)  f is an eigenfunction of each diffrential operator in the center €, y, of D(H,, m);
(MJ4)  f has a polynomial growth, i.e., there exist a constant C > 0 such that

[f(X+iY,Z)| <Clp(Y)]  as det(Y) — oo,
where p(Y) is a polynomial in Y = (y;;).
We give another notion of Maass—Jacobi functions in the following way.

Definition 12. We let D(H,, ,, )* be the commutative subalgebra of D(H,, », ) containing the Laplace
operator Ny, ;4 p of the Siegel—Jacobi space (Hy m, ds;, . 4 5). Function f : Hy,, — Cis called
a Maass—Jacobi function for T/ with respect to D(H,,,)* if it satisfies the following conditions
(MJ1), (MJ2) and (MJ4) together with (MJ3)":

(MJ3)* f is an eigenfunction of each diffrential operator in D(H,; n )*.

Function f : Hy,,, — C is called a weak Maass—Jacobi function for I/ if it satisfies the
following conditions, (MJ1), (MJ2), and (MJ4), together with (MJ3)°;

(MJ3)° f is an eigenfunction of the Laplace operator Ay ;a8 f (i m, ds?: .4 ).

We denote by 23, ,, the complex vector space of all I/-invariant real analytic functions
on Hl, ,,. We define formally the following inner product:

(9 hun= [ 9(0,2)§(0,Z) donn(0,2).

Here,
Aoy m(Q, Z) := det(Y)~ "D [aX][dY][dU][dV]

is a G/-invariant volume element on H,, m, where for a coordinate (Q),Z) € H,,,, with
O=X+1Y, X = (Xl‘]‘), Y = (yll)’ Z=U+iV, U= (u,’j), V= (Z)i]'), X, Y, U,V real,

[dX] = /\dxij, [dY] = /\d]/z]/ [dU] = /\dukl, [dV] = /\dvkl.
i<j i<j k1 k,1
We let
A = L(TN\Hoym) = { @ € W | (@, @)um < 0}

be the Hilbert space with the hermitian inner product (, ), n.

Problem 28. Develop the theory of harmonic analysis on 4, ,, with respect to D(Hy,,)*. In
particular, develop the spectral theory of the Laplace operator Ay, ;.4 B 01 6 1.

Problem 29. Let L?(T/\G/) denote the Hilbert space of all real analytic T/-invariant functions on
G/ such that

/rl\(;/ |f(x)‘2d‘§(x) < 00,

where d&(x) is a Haar measure on G/. So we have the hermitian inner product on L2(T/\G/)

defined by

Fo)r= [, f0RWdE)  (fge ATNG)).

TG/

Decompose the Hilbert space L>(T/\G/) into irreducible unitary representations of G/
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